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WIENER TAUBERIAN THEOREM FOR HYPERGEOMETRIC 

TRANSFORMS 

SANJOY PUSTI AND AMIT SAMANTA 


Abstract. We prove a genuine analogue of Wiener Tauberian theorem for hypergeomet¬ 
ric transforms. As an application we prove analogue of Furstenberg theorem on Harmonic 
functions. 


1. Introduction 

A famous theorem of Norbert Wiener states that for a function / € L^(R), span of translates 
f{x — a) with complex coefficients is dense in L^(M) if and only if the Fourier transform / is 
nonvanishing on R. This theorem has been extended to abelian groups. The hypothesis (in 
the abelian case) is on a Haar integrable function which has nonvanishing Fourier transform 
on all unitary characters. However, Ehrenpreis and Mautner (in m) has observed that Wiener 
Tauberian theorem fails even for the commutative Banach algebra of integrable radial functions 
on SL(2,R). A modified version of the theorem was established in [H Theorem 6] for radial 
functions in L^(SL(2,R)). In their theorem they prove that if a function / satisfies “not-to- 
rapidly decay” condition and nonvanishing condition on some extended strip, etc., then the 
ideal generated by / is dense in L^(SL(2,R)//SO(2)). This has been extended to all rank 
one semisimple Lie groups in the A-biinvariant setting (see [T], |18] 1 with the extended strip 
condition. The same theorem has been extended for hypergeometric transforms (in m)- 
Further references in this literature are m, m, m, [ni, m, [e]. in m^) , a genuine 
analogue of Wiener Tauberian theorem is proved for SL(2,R) in the A-biinvariant setting 
without the extended strip condition. Following their method we have extended this result 
to all real rank one semisimple Lie groups in the A-biinvariant settings f[T6]l. In this paper 
we prove Wiener Tauberian theorem for hyper geometric transforms in the exact strip. Let 
a > (3 > — a 7 ^ —p = a + /3-|-l, 5 i = {A€C| j^Aj < p} and 

= (2| sinht|)^“+^(2cosht)^^+^, t G R. 

Let L^(R, Aa^p)e be the collection of even functions / such that ||/||i := Jg |/(t)|AQ^^(t) dt < 
oo. Also let Lq(R, AQ,^^)e be the collection of functions / G L^(R, Ac^^^)e such that 

[ f{t)Aa,0it)dt = O. 

Jr 

For / G Aa,/ 3 )e, f = denotes the Fourier-Jacobi transform of / (see preliminaries 

for the definition). 
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For any function F on Si, we define 

= — limsupe~^*log |F(f)|, and (5jp(F) = linisup (/0 — t) log |F(if)|. 

t—^OO t^p— 

Our theorem states that, 

Theorem 1.1. Let {fy | i/ € A} 6e a collection of functions in L^(R, AQ,^^)e and I be the 
smallest closed ideal in L^(R, AQ_^)e containing {fy | p € A}. 

(1) Suppose that element of {fy | p € A} has no common zero in Si and infj, gA ^^ifu) — 0 . 
Then I = L^(R, Aa,g)e- 

(2) Suppose that {Aip} is the only common zero of {fy \ u G A} in Si and \niy gA ^toQv) — 
inf;,gA dip(fy) = 0. Then I = Ll{R, Aa,i3)e- 

Most of the part of the proof of this theorem similar to our earlier paper f[16jl. Theorefore 
we state such results without any proof. The proofs will follow as in |16| . 

As an application of this theorem we prove Frustenburg type theorem on Harmonic functions, 
following [3]. 


2. Preliminaries 

Most of our notation related to the hypergeometric functions is standard and can be found 
for example in m- We shall follow the standard practice of using the letter C for constants, 
whose value may change from one line to another. Everywhere in this article the symbol 
fi ^ f 2 for two positive expressions fi and /2 means that there are positive constants Ci,C 2 
such that Cifi < /2 < C 2 / 1 . For a complex number z, we will use iR.z and Az to denote 
respectively the real and imaginary parts of z. 

A Jacobi function /3, X G C,a —1, — 2 , • • •) is defined as the even C°° function on 

R such that = 1 and it satisfies the following differential equation 

+ ((2a + 1) cotht + (2/3 + 1) tanht)^ + + (a + /3 + 1)^^ (f)^^’^\t) = 0. (2.1) 

In this paper we shall assume that a > /3 > — ^ and a 7 ^ — This Jacobi function can be 
written as hypergeometric function: 

a + 1 ; — sinh^ . ( 2 . 2 ) 

The hypergeometric function has the following integral representation for 3?c > > 0, 

2 Fi(a, 6 ; c; ^) = C s^-\l - sf-^-^l - szY^ds, z G C \ [1, 00 ). (2.3) 

F(6)r(c-5) Jq 

Let 

(f d 

0 = ww + ((2 q: + 1) cotht + (2/3 + 1) tanht) —. 
dF dt 

Then rewriting m we get that is the unique even C°° function on R such that 

= 1 and 


( a , 0 ) / ,N /q; + /3 + 1 — zA a + /3 + l + fA 

’a (i)-2Li ---,---; 


{La,0 + A2 + p2)0fo’« = 0. 


( 2 . 4 ) 





WIENER TAUBERIAN THEOREM FOR HYPERGEOMETRIC TRANSFORMS 


3 


Let be the differential-difference operator defined by 

f{t) = f'{t) + ((2a + 1) cotht -|- (2/3 -|- 1) tanht) ^ — pf(—t),t € M. 

The Heckman-Opdam hypergeometric functions on M are normalised eigenfunctions: 

The functions are related to the Jacobi functions by 


G‘“-«w = 0r'’'w+ 




p + iX 

4:(a + 1) 


sinh 


(x). 


(2.5) 


Then we have, 




For A 7 ^ —i, —2i, • • •, there is another solution of (j2.4p on (0, oo) is given by 

= (2cosht)^^~^2Fi( ^ —^;1-3A;cosh"^t) 

= ( 2 sinht)*^“^ 2 Fi(^-^^, ^ ^ _ iA; -sinh"^t) 

This solution has singularity at t = 0. For t —?> oo, it satisfies 

= (1 + 0 ( 1 )). 


( 2 . 6 ) 

(2.7) 


( 2 . 8 ) 


For A € C \ iZ, and are two linearly independent solutions of ()2.4I1 . So 

linear combination of both and We have 

0l“’^)=c(A)cI>i“’^)+c(-A)<l>L“f 

where c(A) is the Harish-Chandra c-function given by 






IS a 


2^-*Ma + l)r(/A) 

CfAj p^ p+iA ^p^ iA+g-ff+l ^ • 

It is normalized such that c(—ip) = 1. Hence, for SA < 0 and as t ^ oo, 

= c(X)e^^^-P^\l + 0(1)). (2.9) 

We let Aa^p(t) = (2| sinht|)^“+^(2cosht)^^'''^,t G M. The Fourier-Jacobi transform of a 
suitable even function / on M is defined by 

/1“’/3)(A) = f /(t)4“’^^(t)A(„^^)(t)(if = 2 f f(t)(t)^^'^\t)A^^^p)(t)dt 

JR Jo 

for all complex numbers A, for which the right hand side is well-defined. We point out that this 
definition coincides exactly with the group Fourier transform when (a, (5) arises from geometric 
cases. 

The Fourier-Jacobi transform of an even complex Borel measure p is defined by 

/2(“-/5)(A) = f <jlx'^\t)dp(t). 

JR 

for A G 5i. 

For / G Li(M, A„_^)e, we have lim|;^|^^/(“’^)(A) = 0 and lim\x\^^p^°‘’^'>(X) = //({O}). 
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Also we have the following inversion formula for suitable even function / on M: 

1 /‘OO 

fit) = ^ |c(^,/3)(A)|“^ dX. 

The translation of a suitable even function / on R is given by (for all s, t G R), 

= J j f (^cosh~^ cosh s cosh t + re®^ sinh s sinh t ^ dma,/ 3 ir,'ip) 
where the measure dma,/ 3 ir,'tp) is given by 

dnio, = —r-—;— ^ ) -^(1 — {r sin r dr dtp 

r(i)r(a-/3)r(/3 +1)^ j y y 

for a > /3 > — i. 

For a = /? > — I the measure degenerates into 

dma,air,^p) = (sin tpf^ dtp dSo{r) 

r(i)r(a+ 2 ) 


and for a > /? = — i into 


dm^iir,tP) = -^i^i±^(l-r2)“ \ dr]-d{8o + 6^){tP). 

1 ( 2 !^ I®+ 2'' ^ 

Then it easy to check that 

( 1 ) 

( 2 ) = / 

(3) Ti“/V(t) = Ti“’^V(-t) 

(4) 

(5) ___ 

(6) For suitable even funetion / on M, we have ri“’^*/(A) — 

For suitable even functions / and g the convolution on R is dehned by 


f *ia,l3) ait) = j (ri“’^V) it)gis)\a,l5)is)ds. 

J M 


Also the convolution of a sutibale even function / and an even complex measure /x is 

by 

/ l^it) = [ ('ri“’^V) it) dgis). 

J M 

It is well known that 

/^i/(a) = /(a)?(a) 


ll/*(a,/3) ah < ll/llilblli- 


( 2 . 10 ) 

defined 

( 2 . 11 ) 
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3. The functions b\ 


Let C+ = {z G C I > 0} be the open upper half plane in C. We fix a > 
/3 > To make expressions simplier, we shall omit indices {a, P) from 

A, 0 ,^/ 3 ), C(q^/ 3 )(A), • • • etc. and write simply them as etc. re¬ 

spectively. 

For A G C+, we define 


bxit) := 


-<^>x{t),t > 0 


4Ac(-A) 

where c is the Harish-Chandra c-function. We extend bx evenly on M \ {0}. 
satisfies the following properties. 

(1) There is a positive constant C and a natural number N such that for 

'C(l + |A|)^f-2“, ifa/0 


\bxit)\ < 


Clogi 


if a = 0. 


(3.1) 

The function bx 
all t G (0,1/2], 


(2) There is a positive constant C and a natural number M such that for all t G [1/2, oo], 

\bx{at)\<C{l + \\\)^e-^^>'+P^\ 

(3) bx can be written as a sum of and T^(p < 2) functions. 

(4) bx G L^(M, A)e if and only if ijA > p and ||6a||i < C for some K > Q. Also, 
II^aIIi —>■ 0 if A —)• oo along the positive imaginary axis. 

(5) For A G C+, 6 a(0 = € K. 

(6) Span{6A j 9A > p} is dense in L^(R, A)e. 

Except (5), others can be proved as in [16]. So we present the proof of (5) (cf. [22l p. 128]). 
Lemma 3.1. Let A G C+. Then bx{^) = |TzyT for all G M. 


Proof. For two smooth functions / and g on (0, oo), we define 

[f,9]{t) = A(t) [f(t)g'{t) - f'it)g(t)] , t>0. 

An easy calculation shows that [f,g]'{t) = {Lf-g — f ■Lg){f)A{t). Therefore, for any 6 > a > 0, 
we have 


{Lf ■ g- f ■ Lg){t)A{t) = [f,g]ib) - [f,g]ia). 


(3.2) 


If / = (/>A and g = 4>a, then the left-hand side of the above equation is zero for all 6 > a > 0, 
so that [^Aj^hA] is a (finite) constant on (0, oo), and hence 


t—^OO 


t—>-oo 




^A 


[0a,^a](-) = Ihn [())a,^a] = - lim A{t) ($A(i))^ { ;^ ) (^) = “ J™ { :^ ) W 


t—)-oo 


<('A 


^A 


by the asymptotic behaviors of A and 4 >a at oo. Again, by the asymptotic behaviors of (fx and 
<hA at oo, we have 


lim 

t^OO 


Ml 

^—2iXt 


c(-A). 


<l>x\ 


Since, by (13.3p . 
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exists, we can apply L’Hospital’s rule to conclude that 


lim 




it) 


t^oo —2iXe 
Hence we get ‘hA](-) = 2iAc(—A). 

Now, if / is an even smooth function on M with /(O) = 0, we claim that 

lim [/,^>A](t) = 0. 
t^o+ 

To prove the claim, first note that we can assume / to be compactly supported. Then with 
this / and g = the equation 13.21 ffor large b and a = t ^ 0+) implies that hm^_^Q+[/, ‘hA](t) 
exists. Also we have 


^2/ f\\ 


lim [/,^>A](t) = - lim A(t) («>A(t)) ^ (t) = 

t^0+ t^0+ \5*A/ 


-limj^o+ 2«+i (^t), if a 7^ 0 

- limi^o+ (log (t), if a = 0 


^x{t) 


(3.4) 


since A(t) x and 

if a 7^ 0 
log j if a = 0 

as t —>■ 0+. Therefore, by an application of L’Hospital’s rule, the claim follows. But, if /(O) 7^ 0, 
writing 

[/, ‘hA] = [/ - /(0)</.A, 4 >a] + /(0)[<)-A, 4>a], 

we can conclude that 

lim [/,4>A](t) = 2iAc(-A)/(0). (3.5) 

t->o+ 

Now fix a real number Putting f = (j)^ and s' = 4 >a in 13.21 it follows that 

j ^>A(^)</>^(t)A(^)d^ = -jY^{[(j)^,<^x]ib) - [05,4>A](a)). 

Taking limit as a —> 0+, we get, bv 13.51 

^ -2iXci-X)). 

Therefore, to complete the proof it is enough to show that [())^, <1 >a](^) —)■ 0 as 6 —)■ 00. First 
note that the existence of (finite) limit is confirmed by the above equation itself. As in 13.31 we 
can write 

lim 4 >a]( 6) = hm (6). 


6—>-oo 6^00 

By the asymptotic behavior of 4>^ and <1 )a. 


M 

—2iXb 


Therefore, by L’Hospital rule, 


lim 
6—>-cxD C 


= 0 . 


lim 


ll) (‘) 


= 0 , 


fcA'oo -2iAe-2*^^ 
and hence limfe^oo ) ‘hA](6) = 0 as required to prove. 


□ 
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4. The functions T\f 


Let / G L^(M, A)e . For each A, with 0 < 9A < p, we define 


Txf :=f{X)bx-f*bx. (4.1) 

Since bx can be written as a sum of and {p < 2) function, Txf is well-defined; in fact it 
also has the same form i.e. can be written as a sum of and function. In particular its 
spherical transform is a continuous function on M. As an easy consequence of Lemma 13.11 we 
get, for 0 < 9A < p and / G L^(R, A)e, 


TxfiO 


Lemma 4.1. Let A G C+. Then 

Tsbx{t) = 


/(A)-/(g) 

g2 - A2 ’ 


for all g G M. 


bx{t)(t)x{s) ift>s>0, 
bx{s)4>x{t) if s > t > 0. 


Proof. First we note that iftf^s, cosh”^ (| cosh s cosht -|- sinh s sinhf|) is non zero, what¬ 
ever the value of r G [0,1] and if G [0, vr] be. Therefore Tgbxit) is well-defined whenever t s. 
Since Tsbx{t) = Ttbx{s), it is enough to prove the second case. Fix s > 0. Since bx is an smooth 
eigenfunction of L on (0, oo) with eigen value —(A^ -|- p‘^), Tgbx is an smooth eigenfunction of 
L on (0, s) with eigenvalue — (A^ -|- p^) which is regular at 0. Therefore 


Tsbx{t) = Ccfxit) for all 0 < t < s, 

for some constant C. Putting t = 0 in the above equation we get C = bx{s). Hence the 
proof. □ 


Using Lemma l4T] T\f.O < SA < p can be written as, 

poo poo 

Txf{t) = bx{t) f{s)(j)x{s)A{s)d.s-4>x{t) f{s)bx{s)A{s)ds,t>0. 

Jt Jt 

Using this expression of Txf ^ we can prove the following lemma (see Lemma 4.4, Remark 4.5 

m)- 

Lemma 4.2. Let 0 < 9A < p and f G L^(R, A)e. Also assume that A ^ Bp/2i0). Then 
Txf G L^(R, A)e and its L^ norm satisfies ||Ja/||i < C'll/lli(l + |A|)^d(A, c?S'i)“^, for some 
non-negative integer L, where d{X,dSi) denotes the Euclidean distance of X from the boundary 
dSi of the strip Si. 


5. Resolvent transform 

Let 6 be the Dirac delta distribution at 0. Let LJ(R, A)e be the unital Banach algebra 
generated by L^(R, A)e and {h}. Its maximal ideal space is one point compactification S’lUjoo} 
of 5i, i.e., more precisely, the maximal ideal space is : 2 G Si U {oo}}, where Lz is the 
complex homomorphism on L}(R, A)e defined by Lz{f) = f{z). For a (closed) ideal J of 
L{(R, A)e, the hull Z{J) is defined to be the set of common zeros (in Si U {oo}) of the Jacobi- 
Fourier transforms of elements in J. For the rest of the section I always stands for a (closed) 
ideal of L^(R, A)e (and hence an ideal in L{(R, A)e too) such that the hull Z = Z{L) is {oo} 
or {oo, Up}. Since Z is the set of common zeros of Jacobi-Fourier transforms of the elements 
in I, it follows that the maximal ideal space of the quotient algebra L{(R, A)e// is Z i.e. it 
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consists of the complex homomorphisms Lz '■ z ^ Z, where Lz{f + /) = f{z). So, by the 
Banach algebra theory, an element / + / is invertible in A)e// iff f{z) 7^ 0 for all z € Z. 

Let Ao be a fixed complex number with 9Ao > p, so that 6 ao is in . Therefore, for A G C\Z, 
the function <5 — (A^ — Aq)6ao does not vanish at any points of Z, and hence 5 — — \^)b\^ +1 

is inverible in the quotient algebra A)e//. We put 

= -\l)hx,+iy' AgC\Z (5.1) 

which is, in fact, an element of L^(M, A)e//. Now, let g G L°°(R, A)e annihilates /, so that 
we may consider g as a bounded linear functional on L^(M, A)e//. We dehne the resolvent 
tansform TZ[g] of g by 

n[g]iX) = {Bx,g) (5.2) 

From (15.ip it is easy to see that A 1—> Bx is a Banach space valued even holomorphic function 
on C\Z. It follows that TZlg] is an even holomorphic function on C \ Z. 

The resolvent transform TZlg] has the following properties. The proof of the this lemma is 
same as that of Lemma 5.1 in m- But we present the proof here since the lemma is the core 
of the proof of the Wiener Tauberian theorem. 


Lemma 5.1. Assume g G L°°(M, A)e annihilates I, and fix a function f & I. Let Z{f) := 
{z € Si: f{z) = 0}. 

(a) 7^[(7](A) is an even holomorphic function on C\Z. It is given hy the following formula : 


Kbl(A) = ((tA®]’ 


9A > p, 

0 < 9A < p,A ^ Z{f). 


I /(A) 

(b) For |9A| > p, \n[g]{X)\ < C||5||oo|^, 

(c) For |9A| < p, f{X)n[g]{X) < C\\f\\i\\g\\J^^, where the constant C is independent 
off el. 


Proof, (a) Let ijA > p. Then bx is in and bxiz) = z e Si. We observe that for 

z G Si, 


b\o{z) bxiz) 

which is equivalent to saying that 


(1 - (X^ - X^)bxo(z)^bx(z) = bxo(z), z £ Si. 
Apply the inverse spherical transform and mod out I to get 

(5 — (A^ — Ag)5Ag + /) * {bx + I) = 6ao + 


Since (5 — (A^ — Aq)6ao + is invertible in Lj(M)e//, comparing the above equation with 15.11 
we get Bx = bx + I. Therefore, by the definition of 7^[5'](A), TZ[g]iX) = {bx,g). 

Next we assume that 0 < 9A < p, X ^ ^if)- So, Txf is in and Txfiz) = ^ G ^i. 

A small calculation shows that 


1-(A2 



nfjz) 

/(A) 


= bxoiz) 


fiz)bxoiz) 

/(A) 


2 G Si. 
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Again, apply inverse spherical transform and mod out I to get 


- (A^ 


Ao)^Ao + -f) * 



b\o + 1- 


Therefore Bx = + 1 which gives the desired formula for TZ[g] (A) in this case. 

fW 

(b) It follows from the estimate of ||6 a||i and the fact that TZ[g]{X) is even. 

(c) From Lemma 14.21 it follows that 


/(A)7^b](A) <C||/|h 


1 y oo 


(l + |A|)^ 
d{X,dSi) 


for 0 < 9A < pI2,X 0 Bp/2{0), where C is independent of / € /. Since /(A)7^[5'](A) is an 
even continuous function on Si, the same estimate is true for |9A| < p, A 0 i?p/2(0). From 
(j5.2l) it follows that Tl[g]{X) is bounded on Bp/2{0), with bound independent of /. Therefore 
on Bp/ 2 { 0 ) 


f{X)n[g]iX) <C\\f\\i 


where C is independent of /. Hence the proof follows. 


□ 


6. SOME RESULTS FROM COMPLEX ANALYSIS 

In this section we state some results from complex analysis. The proof of them involves the 
log-log theorem, the Paley-Wiener theorem, Alhfors distortion theorem, and the Phragman- 
Lindel’of principle ([8], [1]). 

For any function F on M, we let 

5^{F) = — limsupe”^* log |F’(t)|, dX^{F) = — limsup log |F(—1)| 

t—)-oo t^OO 

and 

kp{F) = limsup(p-t)log|F(zt)|, 5_ip{F) = limsup(p-h t) log |F(zt)|. 

t—>(—p)+ 

Proof of the following theorem is similar to [161 Theorem 6.3]. 

Theorem 6.1. Let Ll be a collection of bounded holomorphic functions F on such that 

inf 6^{F) = inf <5" (F) = 0. 

Feo Fen 

Suppose H is a holomorphic function on C\ {±ip} such that, for some non-negative integer 
N, it satisfies the following estimates : 

(I IrlW 

^ ^€5?, for all Fe a 

Then H is dominated by a polynomial outside a bounded neighbourhood of {Fip}. 

The following theorem follows from the proof of [U Theorem 6.13]: 
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Theorem 6.2. Let Ll be a collection of bounded holomorphic functions F on such that 
|F(z)| ^ 0 as |z| —)• cxD (in Sf) and 

i.J4.,(F)=0. 

Suppose G is a holomorphic function on C\Z (Z is a finite subset of dSi) such that for some 
positive integer N it satisfies the following estimate : 

\F{z)G{z)\ < {diz,dSi))-^, z G S^, for SillF en. 

Then G has poles at Fip of order utmost N. 

Theorem 6.3. Let Q be a collection of bounded holomorphic functions F on such that 
|F(z)| ^ 0 as |z| —)• cxD (in SI) and 

i.J4.,(F)=0. 

Suppose H is a holomorphic function on C \ {Fip} satisfying the following estimate (for some 
positive integer N) : 

\F{z)H{z)\ < zGS?, forallFea 

d[z, oSij 

Then G has at most simple poles at Fip. 


Proof. We can assume that N is even. We define the holomorphic fnnction G on C \ {Fip} by 

Hiz) 


G{z) = 


{z — ip)^G{z + ip)^G 


1 


Then clearly G{z) satisfies 

\F{z)G{z)\ < — 

Hence the theorem follows by the previous theorem. 


z G Si, for all F G Ll. 


□ 


7. Proof of the main theorem 

proof of Theorem M.ll Proof of (1) is similar to ^^proof of Theorem 1.2^ in Section 7 (in [16jl. 

(2) We can assume that the elements in I are of nnit norm. Let g G A)e annihilates 

the (closed) ideal I generated by {fi^ \ v G A}. We must show that g annihilates Lq(M, A)e. 
By Lemma l5.11 TZ[g\ satisfies the following estimates 

\n[g\{z)\ < G{l + \z\f {d{z,dSi))-\ zGC\Si, 

\Uz)n[g\{z)\ < G{l + \z\f {d{z,dSi))-\ zGSl 

for all iz G A, for some constant G. Therefore, by Theorem 16.31 it has at most simple poles at 
{±ip}. So we write 

F[g]iz) = ^ z€C\{±f/9 } 

for some constant a and even entire function h. Also, by Theorem 16.11 TZ[g] has at most 
polynomial growth at oo, and by (4) (in section 3), TZ[g\{z) —0 as |2;| —> oo along the 
imaginary axis. Therefore the same properties are satisfied by the function h too, so that by 
Liouville’s theorem L = 0, and hence 

miz) = 


z G C \ {Fip}. 
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Let m E A)e corresponds to the complex homomorphism / i-A f{ip) on L^(M, A)e i.e. 

f{ip) = (/, m) for all / E L^(R, A)e. Then for z with > 0, 

= -ahz{ip) = -a{b^,m). 

Since {b^ : Sz > 0} is dense in L^(M, A)e, g = —am. Since m annihilates Lq(M, A)e, so does 
g. □ 


8. Furstenberg Theorem 

Let G be a noncompact connected semisimple Lie group with finite center and iL be a 
maximal compact subgroup of G. Let /i be a iL-invariant complex measure on G/K such that 
p{G/K) = 1. A bounded function / on G/K is said to be ^-harmonic ii f * p = f i.e. 

/ fi 9 h)dp{h) = f{g), for all g gG. 

Jg 

If / is harmonic (i.e. f{gkh)dk = f{g) for all g,h £ G, or, equivalenttly, / is annihilated by 
the Laplace-Beltrami operator), it is easy to see that it is |U-harmonic. Naturally the following 
question arises : 

(A) Under what conditions on p, /r-harmonic functions are hamonic functions only? 

In [6l Theorem 5, p. 370] Furstenberg answers the question above in positive, when p is 
absolutely continuous iL-invariant probability measure on G/K. In [3] using Winner-Tauberian 
Theorem, the authors proved the following result for the disc algebra D = SL2(M)/SO(2). Let 
S denote the usual maximal ideal space {2 ;EC:0 <3f?z<I}. 

Theorem 8.1. Let p he a SO(2)-invariant complex measure on D such that /r(D) = I, 
/r({0}) 7^ 1, p{X) ^ 1 for all X £ T, \ {0,1}, and 

lim sup X log 11 — /2(x) I = 0. 

X—>0+ 

Then every p-harmonic functions are essentially the harmonic ones. 

Note that the theorem above includes the complex measure too unlike the Furstenberg 
theorem where the measure is essentially positive. They have also proved that any probabilty 
measure p with ^({0}) ^ 1 satisfies all the conditions of the above theorem. Hence for SL(2,M) 
their result contains the Furstenberg Theorem as a particular case. 

Since, in this paper, we have obtained the similar Winner-Tauberian Theorem for general 
hyper geometric transforms (which include all real rank one cases), it is natural to expect that 
the theorem above holds true for hypergeometric cases. The notion of ‘/r-harmonic’ does not 
make sense in general unless the pair (a, (5) arises from a geometric case. But this difficulty can 
be overcome by the following observation. If G is of rank one symmetric space, then writing 
the Cartan decomposition G = KAK, we can identify AT-biinvariant functions on G with even 
functions on A = R. Therefore, taking an average over K, we can write the problem (A) in 
the following equivalent form ((see the proof of [H Theorem 3.1])): 

(B) Let p be an even complex measure on R such that /r(R) = 1. Then under what 
condition on p, the only even bounded solutions (on R) of the equation f * p = f are the 
constant functions. Here, the convolution * is defined by (|2.1II) . 

Now we are in position to state the analogues of Theorem 18. 1 1 for our hypergeometric cases. 
Before stating the theorem, we point out that the choice of maximal ideal space is horizontal 
strip in our case, where as their is vertical. 
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Theorem 8.2. Let /x be an even complex measure on M such that ^(M) = 1, ^({0}) ^ 1, 
/i(A) / 1 for all X £ Si \ {±ip}, and 

limsup(/5 — x) log |1 — 'fl{ix)\ = 0. (8.1) 

X^p— 

Then the only even bounded solutions of the equation f * p = f are the constant functions. 

Proof. If / is constant function then, it is easy to see that, Tsf{t) = f{t) for all s,t G W. 
Therefore 

/ * hit) = fit) [ dp{s) = fit), t £ M. 

Jr 

Conversely, let / be an even bounded function on M such that f * h = f ■ We need to show 
that / is a constant function. The proof is essentially same as that of the Theorem 18.11 Let 
I be the closed ideal in Lq(M, A)e generated hy & = ip — 6) * L^(]R, A)e. We shall show that 
& satisfies all the conditions of Theorem I1.1I 2L Since /x(A) / 1 for all A € 5i \ {dcip}, the 
common zero set of Foureir-Jacobi transforms of the elements in & is Also we have, 

fi{t) —>■ /x({0}) as t —>■ oo. But its given that /x({0}) ^ 1. Therefore it follows that & contains 
an g such that df^ig) = 0. Also (j8.ip implies that & contains an element h such that Sip{h) = 0. 
Hence, by Theorem 11.11 (2), we can conclude that I = Lq(R, A)e. Since f * p = f, clearly, 
/ * © = 0, and hence / * Lq(M, A)e = 0 which implies that / is a constant function. □ 

Corollary 8.3. Let p be an even probability measure such that /x({0}) ^ 1. Then the only 
even bounded solutions of the equation f * p = f are the constant functions. 

Again the proof of the above corollary is same as that of [3l Corollary 7.2], once we have 
the following two lemmas. We shall make use the following derivation property of the hyper¬ 
geometric function (see m p.241, eqn. (9.2.2)]): 

^2.P'i(o, b] c; z) = ^2.^1 (o + l,b+l-,c + l-,z),z G C \ [1, oo]. 
Helgason-Johnson’s theorem states that |(/>;^] < 1 if and only if A G 5i. We have the following: 


Lemma 8.4. \4>\it)\ < 1 for all t > 0 if and only if X £ Si\ 
Proof. Case 1 : A G 5°. Then for t > 0 


\4’xit)\ < (Pi'sxit) = 2 F 1 


p + 9A p — ‘^X 
2 ’ 2 
r(Q: + 1) 


; a + 1; — sinm t 


( p + qa '\ y ( p—^x 


r 


\ 2 J 


>0 


-l(l-s)- 


^(1-t-s sinh^ t) 2 ds 


< 


r(Q; + 1) 


7 p+ga '\ y ( p— 




f 


p—GA -| CK —/3+1+GA 1 


S 2 (1-s)' 


— <?^iSA(0) — 1- 

Case 2 : X = a + ip, a yJ 0. Recall the function from preliminaries. 


G, it) - 0, (t) + 


(^), t G M. 


(sinh2t)4“^^’^+^^ 
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Using the derivation formula of hypergeometric function, we can evaluate ^ 


G. 


a-\-ip 


( 0 ) to 


G 


a-\-ip 


being analytic it can not be iden- 


be equal to — °' 2 (a+iy^ which is non-zero. Therefore, 
tically 1. By [T9l Proposition 3.1], |G'a+fp(i)| < Gip(t) = 1 for all t € M. Since |G*i+fp(0)P = 1, 

we can have e > 0 such that \G^^^p{t)\‘^ < 1 for all non-zero t with |t| < e. But, in the proof 
of the m Proposition 3.1] it is shown that 


max 




is a decreasing function of t > 0. So it follows that |G*i+fp(i)| is strictly less than 1 for all 


t / 0. Since 


the proof follows. 




<‘>=2 


a 






t G 


□ 


Lemma 8.5. Let t>0. Then \^=p [(l)ix{t)] > 0. 
Proof. Define the function o' on M by 

d 


9{t) = 


dx 




X=p 


Then g{0) =0 and 


9'it) = 


X = p 


dt 


fL 

dx 

A. 

dx x=p 
p sinh t 
2 (a + l) 
sinht 

Jo 


if'ixit)] 


i^)i^) 

Q; H" 1 


2F1 


p + X 


+ 1) 


p — X 


-|- 1 ; a -|- 2 ; — sinh^ t) j (— sinh 2t) 


2 F 1 (p -I- 1 , 1 ; a -I- 2 ; — sinh^ t) 

(1 -s)"(l + ssinh2t)-^-ids 


which is strictly positive whenever t > 0. Therefore g is strictly increasing function on [0, cx)) 
and hence g{t) > 0 for all t > 0. □ 


Proof, of Corollary \8.!^ : We only need to show that the measure p satishes all the conditions 
of Theorem 18.21 Since p is a probability measure p(M) = 1; p({0}) 7 ^ 1 is given, in fact, 
p({0}) < 1 since p is positive. If A G S'! \ {Tip}, then by Lemma 18^ 

|p(A)| < / \(AA^\t)\dp{t) < f dp{t) = 1 . 

Jr Jr 

Therefore we only left to show that limsup 3 ,_^p_(p — x) log |1 — p(ix)| = 0. For t > 0, let 
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Since, by Lemma [831 L{t) is strictly positive for all t > 0 and, by the given condition, is is 
not concentrated at 0 there exist b > a > 0 such that 

L{t)d^{t) > 0. 

Fix 0 < e < /9. From the Taylor series expansion (upto second order) of the function x —>■ 4>ixit) 
at the point x = p, it follows that 

1 — 4>ix(t) X (/? — x)L{t), for all X € [p — e, p],t € [a, 6]. 

Therefore, for all x € [p — e, p], 

roo pb pb 

1 - p{ix) = 2 (1 - <pix(t)) dp(t) > 2 / (1 - (pixit)) dp(t) >2C{p-x) / L(t)dp{t) 

Jo J a J a 

where C is a positive constant which depends only on e, a, b. Therefore it follows that 

lim sup(p — x) log 11 — p{ix) | = 0. 

X^p— 

as desired. □ 
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